Abstract. We find automorphic form corrections which are generalized Lorentzian Kac-Moody superalgebras without odd real simple roots for two elliptic Lorentzian Kac-Moody algebras of rank 3 with a lattice Weyl vector, and calculate multiplicities of their simple and arbitrary roots. These Kac-Moody algebras are defined by hyperbolic symmetrized generalized Cartan matrices of rank 3. Both these algebras have elliptic type (i.e., their Weyl groups have fundamental polyhedra of finite volume in corresponding hyperbolic spaces) and have a lattice Weyl vector. The correcting automorphic forms are Siegel modular forms. The form corresponding to G 1 is the classical Siegel cusp form of weight 5 which is the product of ten even theta-constants. In particular we find an infinite product formula for this modular form. For both these elliptic Lorentzian Kac-Moody algebras, the correcting automorphic forms are holomorphic modular forms on the Siegel upper half-plane. They are invariant (with nontrivial characters) with respect to Sp 4 (Z) or the so-called paramodular group corresponding to a polarization of type (1, 2). The first function is especially interesting because it is the classical cusp form ∆ 5 (Z) of weight 5 which is the product of all even theta-constants (see (1.2)). It is well-known that ∆ 5 (Z) 2 = 10 (Z) where 10 (Z) is one of the standard generators for the ring of Siegel modular forms with respect to Sp 4 (Z) (see (1.1)). As a result, we find the corresponding product formula for this classical Siegel cusp form ∆ 5 (Z).
0. Introduction. First, we explain results of this paper formally. We find automorphic form corrections which are generalized Lorentzian Kac-Moody superalgebras without odd real simple roots (see the works of R. Borcherds [Bo1] - [Bo7] , V. Kac [Ka1] - [Ka3] , R. Moody [Mo] and x6 of this paper) for two elliptic Lorentzian Kac-Moody algebras, and calculate multiplicities of their simple and arbitrary roots. One can find an appropriate general setting on this subject in [N5] . The first Kac-Moody algebra has the symmetric generalized Cartan matrix
2 ,2 ,2 ,2 2 ,2 ,2 ,2 2 1 C A. For both these elliptic Lorentzian Kac-Moody algebras, the correcting automorphic forms are holomorphic modular forms on the Siegel upper half-plane. They are invariant (with nontrivial characters) with respect to Sp 4 (Z) or the so-called paramodular group corresponding to a polarization of type (1, 2). The first function is especially interesting because it is the classical cusp form ∆ 5 (Z) of weight 5 which is the product of all even theta-constants (see (1.2)). It is well-known that ∆ 5 (Z) 2 = 10 (Z) where 10 (Z) is one of the standard generators for the ring of Siegel modular forms with respect to Sp 4 (Z) (see (1.1)). As a result, we find the corresponding product formula for this classical Siegel cusp form ∆ 5 (Z).
We should say that the first examples of automorphic form corrections of Lorentzian Kac-Moody algebras were found by R. Borcherds (see [Bo5] - [Bo7] ). Mainly, his examples are connected with automorphic forms on the complex domains of large dimension (for example the dimension 26) and the arithmetic of the Leech lattice.
To find the correcting automorphic form for G 2 , we use the arithmetic lifting of Jacobi forms to modular forms with respect to the orthogonal groups of signature (2, n) on domains of type IV which was constructed by the first author ([G1] - [G3] ). This lifting is a generalization of the Maass lifting for Sp 4 (Z) (see [M2] , [EZ] ).
Our examples above are the first examples of automorphic form corrections of elliptic Lorentzian Kac-Moody algebras (we use terminology from [N5] ) when correcting automorphic forms are Siegel modular forms (necessarily of genus 2). Moreover, we show that there are very classical automorphic forms like ∆ 5 (Z) above which give automorphic form corrections of some Lorentzian Kac-Moody algebras. It is proved by the second author ( [N5] ) that the set of elliptic Lorentzian Kac-Moody algebras with a lattice Weyl vector is finite for rank 3 (but may be extremely big). Conjecturally all of them have automorphic form corrections. In a forthcoming publication we hope to give other examples of automorphic forms which correct the corresponding Lorentzian Kac-Moody algebras.
Now we want to present our results in some detail. We restrict considering the case (0.1). The hyperbolic symmetric matrix G 1 defines a hyperbolic integral symmetric bilinear form (i.e. hyperbolic lattice) on the Z-module M II = Z 1 Z 2 Z 3 (modulo kernel of G 1 in general case). Moreover,
is the dual cone to R + 1 + R + 2 + R + 3 . We denote by P(M II ) = f 1 , 2 , 3 g M II the set of vectors orthogonal to the fundamental polyhedron M II of W. The group W and the set P(M II ) have a lattice Weyl vector which is an element 2 M II Q with the property
Evidently, = ( 1 + 2 + 3 )=2. It is shown in [N5] (in fact, it easily follows from the results of [N1] and [N2] ) that the set of symmetrized generalized Cartan matrices with these properties (i.e., finiteness of volume of a fundamental polyhedron M of W and existence of a lattice Weyl vector for the set of vectors P(M) orthogonal to this fundamental polyhedron) is finite, up to multiplication by a constant, for rank 3 of Cartan matrices. Thus, we are considering one of the finite set of cases.
The cone V + (M II ) defines the corresponding complexified cone Ω(V + (M II )) = M II R +iV + (M II ). We consider an extended lattice L which is the orthogonal sum of M II and the unimodular even hyperbolic plane U. One can consider Ω(V + (M II )) as a cusp of the domain H + of type IV which is one of two connected components of H = fC ! L C j (!, !) = 0, (!, !) 0g.
Using the natural identification of the Siegel half-space H 2 and H + and an isomorphism Sp 4 (Z)=fE 4 g = SO + One can use the Gram matrix of s ∆ to construct a generalized Kac-Moody superalgebra g with the set of simple roots s ∆. This construction is similar to [Bo1] - [Bo3] , [Ka1] - [Ka3] and [Mo] . See x3 and x6 for details. The Weyl-Kac denominator function Φ(z) of this Kac-Moody superalgebra is equal to for g has the product formula
Thus, we should have the similar product formula for ∆ 5 (z). Using the fact that ∆ 5 (z) is the Maass's lifting of a Jacobi form, we find the coefficients m(a), which determine the generalized Kac-Moody algebra g. We find an exact formula for the exponents mult . They are equal to Fourier coefficients of some known weak Jacobi form. See Theorem 4.1. Here results of R. Borcherds [Bo6] are very useful.
In [G1] - [G3] , the arithmetic lifting of Jacobi forms on domains of type IV is constructed. This is a generalization of Maass's lifting [M2] . We use this lifting to get similar results for the Kac-Moody algebra corresponding to the matrix (0.2). See x5.
Both our examples (0.1) and (0.2) belong to one series of elliptic Lorentzian Kac-Moody algebras related with reflection groups on the hyperbolic plane which were classified in [N3] . They are groups W (2) (S) generated by reflections in all elements with square 2 of hyperbolic (i.e., of the signature (n, 1)) integral lattices S of rank 3 such that the index [O(S) : W (2) (S)] is finite. We hope to consider other and perhaps all examples from this series in further publications.
Some results of this paper were announced in [GN1] . We want to mention our other publications related to the subject of this paper: [GN2] , [GN3] , [N6] . Preprints [HM] and [Kaw] contain some related physical applications. 
A Siegel modular form F of weight k is a holomorphic function on the Siegel upper half-plane
with the invariance property
The graded ring
where M k (Sp 4 (Z)) denotes the space of Siegel modular forms of weight k, is a polynomial ring with four generators E 6 , 10 , 12 ],
where E 4 (Z), E 6 (Z) are the Eisenstein series and 10 (Z), 12 (Z) are the first two cusp forms with respect to Sp 4 (Z) (here below index denote weight). Moreover, 10 (Z) is the square of a cusp form ∆ 5 (Z) of weight 5 with a nontrivial quadratic character (see [F] ). The function ∆ 5 (Z) is given by the product of all even thetaconstants
and the product is taken over all vectors a, b 2 (Z=2Z) 2 such that t ab 0 mod 2.
(There are exactly ten different (a, b).) In this paper, it is more appropriate for our purpose to consider a Siegel modular form as a form with respect to an orthogonal group of signature (3, 2).
First, we construct an isomorphism between the symplectic and orthogonal groups. We denote
This is an even unimodular integral symmetric bilinear form of signature (3, 3) on L 4^L4 . It is invariant with respect to the action of SL(L 4 ) on L 4^L4 which is defined above.
We fix a skew-symmetric form J on L 4 by the property
Similarly, all elements of L 4^L4 can be identified with integral skew-symmetric bilinear forms on L 4 . Therefore one gets
Evidently, then, Sp 4 (Z) keeps the lattice
where U is an unimodular integral hyperbolic plane, i.e. a lattice with the quadratic form 0 ,1 ,1 0
!
. The h2i is a one-dimensional Z-lattice with the matrix (2). We fix the following basis ff i g in L with
where (using the basis above)
is a classical homogeneous domain of type IV. The condition (Z, Z) 0 is equivalent to
where y i = Im(z i ).
The domain H + coincides with the Siegel upper half-plane H 2 if we correspond to the point of H + with the parameters z 1 , z 2 , z 3 above a symmetric matrix
The real orthogonal group O R (L) has four connected components. By O + R (L) we denote the subgroup of O R (L) of index 2 consisting of elements which leave
is the subgroup of the special orthogonal group consisting of elements with the real spin-norm equal The modular form ∆ 5 (Z) has a nontrivial multiplier system. An exact formula for it was found by H. Maass in [M1] :
According to (1.2) and (1.4), ∆ 5 (Z) has the following Fourier expansion
with integral coefficients f (n, l, m). (We recall that ∆ 5 (Z) is a cusp form.) Moreover, it is not difficult to prove that f (1, 1, 1) = 64 and 64 j f (n, l, m) for all n, l, m.
( 1.7) To see the last property, one should remark that all Fourier coefficients of the theta-constants a,b (Z) are multiple by 2 for a 6 = 0. In x4 (see considerations after (4.8)) we prove the following identity for the formal power series 1 + 1 64
In what follows we use the properties (1.3)-(1.8) of ∆ 5 (Z) for construction of a Lorentzian Kac-Moody Lie superalgebra.
2. The hyperbolic lattice M II , the reflection group W (2) (M II ) and Fourier expansion of ∆ 5 (Z). We fix a primitive hyperbolic sublattice
We are interested in automorphic properties of ∆ 5 (Z) with respect to O(M 0 ). We remind the reader that every primitive element 2 M 0 (or of any other integral symmetric bilinear form) with ( , ) 0 and ( , ) j 2(M 0 , ) defines a reflection
Here, s ( ) = , and s j ? is identical. In particular, every 2 M 0 with ( , ) = 2 defines the reflection
for reflections s with respect to elements with square 2
and
for reflections s with respect to elements 2 ff ,2 , f 2 , f 2 , f 3 , f 2 + f 3 g M 0 also with square 2.
Proof. To simplify notation, we denote
It is easy to see that
therefore by Maass formulae (1.3)-(1.5), we get the following relations
It follows the statement.
Now we want to interpret Proposition 2.1 more invariantly, using the automorphism group O(M 0 ). The lattice M 0 is hyperbolic, i.e. it has signature (2, 1). Thus, M 0 defines a cone
which is the union of its two half-cones. (All general definitions and notations below hold for an arbitrary hyperbolic (i.e. with signature (n, 1)) lattice, and we shall use them later.) We choose one of these half-cones uniquely by the condition that 
The hyperbolic lattice M 0 of Proposition 2.1 is very special, and its automorphism group is well-known. Below we give results about this group which we need. These results one certainly can find in [N3] where the reflection group of the lattice M 0 and of some its natural sublattices which are invariant with respect to its reflection subgroups of finite index were classified.
Firstly, O + (M 0 ) = W (2) (M 0 ) where index 2 denotes the subgroup generated by reflections in all elements of M 0 with square 2. Similarly, we denote as ∆ (t) (K) the set of all primitive elements 2 K of a lattice K with ( , ) = t which define reflections s of K, and as W (t) (K) the group generated by reflections in all these elements. Thus, O + (M 0 ) is generated by reflections in ∆ (2) (M 0 ). An element 2 ∆ (2) (M 0 ) and the corresponding reflection s has one of two types:
We introduce sublattices M I and M II which are generated by all elements 2 ∆ (2) (M 0 ) of the type I and II respectively. We have 
are generated by reflections in P(M 0 ) pr , P(M I ) pr and P(M II ) pr respectively. We denote
the "group of symmetries" of a fundamental polyhedron M and its set P(M) of orthogonal vectors. The group A(P(M 0 ) pr ) is trivial, A(P(M I ) pr ) has order two and is generated by s f 3 , the group A(P(M II ) pr ) is the group of symmetries of the right triangle (i.e. it is S 3 ). It is generated by s f 2 ,f 3 , s f ,2 ,f 2 . We can write down the O + (M 0 ) as the semi-direct products:
Using these considerations, we can reformulate the invariance properties of ∆ 5 (Z) from Proposition 2.1 with respect to the group O + (M 0 ) as follows: PROPOSITION 2.2. We have the following invariance properties of ∆ 5 (Z) with respect to the group
(a) For a reflection s 2 O + (M 0 ) with ( , ) = 2 we have
Because of the property (c), the reflection group W (2) (M II ) will be important for us. We fix the fundamental polyhedron M II above with the set of orthogonal vectors P(M II ) = P(M II ) pr = f 1 , 2 , 3 g. These elements have the Gram matrix
Let us consider the cone R + Q + = R + 1 + R + 2 + R + 3 and the corresponding dual
is self-dual, this is equivalent to the sequence of embeddings of cones (one can check this immediately)
This property (equivalent to finiteness of volume of M II ) is very important. This gives a hope that all our further considerations may be successful (see [N5] ). We will use this property many times further.
Another very important property of the group W (2) (M II ) and the set P(M II ) is that they have a lattice Weyl vector . (See general results on this subject and an explanation why this is important in [N5] .) This is the element 2 M II with the property
. Further we will work
of power series of one variable q, where all (ka 0 ) 2 Z. More exactly,
Thus, for n, l, m 2 Z, we can rewrite using (1.6), (1.7) l, m) . By (1.6) and (1.7), we have that + a 2 V + (M 0 ), m(a) 2 Z, and m(0) = ,1. By Proposition 2.2, (c), we get 1 64
anti-invariant with respect to s i . Thus, we can suppose that ( + a, i ) is integral and ( + a, i )
is transitive on these three vertices and the corresponding primitive elements, and it preserves the Fourier expansion (a). Thus, it is sufficient to prove the identity (b) for a 0 = 2f 2 which is one of these three primitive elements of M II R ++ M II (these three primitive elements are 2f 2 , 2f ,2 , 2f 2 , 2f 3 + 2f ,2 ).
For a 0 = 2f 2 , the statement (b) is equivalent to (1.8). It follows (b).
The Kac-Moody algebra g(M II , P(M II )) and its
∆ 5 (Z)-correction g = g 00 (M II , s ∆) where s ∆ = P(M II ) s ∆ im . The matrix (2.1
) is the Gram matrix of elements P(M II ), and we denote this Gram matrix as G(P(M II )
). This is a symmetric generalized Cartan matrix (i.e. it is integral, has only 2 on the diagonal and only nonpositive integers out of the diagonal). This matrix defines the corresponding Kac-Moody algebra g(M II , P(M II )) := g(G(P(M II )) (see [Ka3] and [Mo] ). We want to "correct" this algebra using Theorem 2.3. Some examples of these constructions were first found by R. Borcherds (see [Bo2] , [Bo5] , [Bo6] , [Bo7] ). (For its formulation in an appropriate general setting see [N5] .) This construction uses generalized Kac-Moody algebras which were introduced and studied by R. Borcherds in [Bo1] (see also [Bo3] ). For our situation we need the corresponding superalgebra analog of this construction. It is a combination of Borcherd's construction and of V. Kac ([Ka1] , [Ka2] ). We give this construction for our case below and refer to x6, Appendix for proofs.
Using coefficients m(a) and (a) of Theorem 2.3, we introduce (where the index s means "simple") the sets
where ka for k 2 N means that we repeat a exactly k times, and
where ka for ,k 2 N means that we repeat the element a exactly ,k times. The minus sign of k here denotes that all these ,k elements a are considered to be odd. Moody superalgebra we need that (r, r) 0 if r 2 s ∆ re , (r, r) 0 if r 2 s ∆ im , and (r, r 0 ) 0 for all different r, r 0 2 s ∆. This is true by the construction. Moreover, for r, r 0 2 s ∆ we need 2(r, r 0 )=(r, r) 2 Z if (r, r) 0. This is valid because here (r, r) = 2 and r, r 0 2 M II . The generalized Kac-Moody superalgebra without odd real simple roots g = g 00 (M II , s ∆) (which is constructing) is a Lie superalgebra generated by h r , e r , f r where r 2 s ∆. Here all h r are even, e r , f r are even (respectively odd) if r is even (respectively odd). These elements have the following defining relations:
(1) The map r 7 ! h r for r 2 s ∆ gives an embedding of M II R to g 00 (M II , s ∆) as an abelian subalgebra (it is even since all h r are even). In particular, all elements h r commute. 
where e r and f r have degree r 2 Q + and ,r 2 ,Q + respectively, r 2 s ∆; and g 0 = M II R . An element 2 Q + is called a root if 6 = 0 and g is nonzero.
Let ∆ be the set of all roots and ∆ = ∆ Q + . For a root 2 ∆ we denote mult 0 = dim g ,0 , mult 1 = ,dim g ,1 and mult = mult 0 + mult 1 = dim g ,0 , dim g ,1 .
(3.1)
By our construction and Statement 6.8 0 in x6, we have the denominator identity Remark 3.2. The denominator function Φ(z) is defined in the complexified cone Ω(V + (M II )) (we remark that to have this property we again need (2.2) and also the existence of a lattice Weyl vector 2 M II Q ). This cone does not have a canonical embedding as a cusp to a domain of type IV. This embedding is defined up to changing z to tz where t 2 N . It is an explanation of the coefficient 2 for the equality of Proposition 3.1. See [N5] for the appropriate general setting.
The equality (3.2) shows that there exists a product formula for ∆ 5 (Z)
On the other hand, using automorphic properties of ∆ 5 (Z), we may have a hope to calculate this product formula and calculate multiplicities mult for products (3.2) and (3.3). We do it in x4. We will show that for = 2nf 2 ,lf 3 +2mf ,2 2 M II (i.e. n, m, l 2 Z),
where f (k 1 , k 2 ) are Fourier coefficients of the weak Jacobi function 0,1 (z 1 , z 2 ) of weight 0 and index 1. See (4.8) and Theorem 4.1. 
The first Fourier-Jacobi coefficient 5, 1 2 (z 1 , z 2 ) is connected with the denominator formula for a generalized affine Kac-Moody algebra. In order to get this connection let us take the Jacobi theta-series
which is a Jacobi form of weight 1 and index 1=2. We recall a well-known variant of the Jacobi triple formula which is the denominator identity for the affine Kac-Moody algebra e A 1 :
From that the product formula for 11 follows
It is easy to see from definition that 11 (z 1 , z 2 ) and 5, 1 2 (z 1 , z 2 ) have the same functional equation with respect to h( p, q; r):
Moreover 11 satisfies the following transformation formulae with respect to generators 0 ,1
The Dedekind eta-function (which is a modular form of weight 1=2)
satisfies the similar functional equations ,
Thus 5 are Jacobi cusp forms of weight 5 and index 1 2 with the same character v 1 : Γ J ! f1g. The squares of these Jacobi forms are Jacobi cusp forms of weight 10 and index 1. Up to a constant there is only one such form (see [EZ] ). (This is the first Fourier-Jacobi coefficient 10,1 (z 1 , z 2 ) of 10 (Z) from (1.1).) Comparing a pair of their Fourier coefficients we obtain 1 64
If we write down the right-hand side as a formal series in r, then the q-sum in (1.8) is the coefficient of r 1=2 . Using the Jacobi triple formula we get (1.8).
Let 12,1 (z 1 , z 2 ) be a Jacobi cusp form of weight 12 and index one. (Up to a constant this is the first Fourier-Jacobi coefficient of 12 (Z) from (1.1)). Its Fourier coefficients can be calculated according to the formula (see [EZ]) 12,1 (z 1 , z 2 ) = 1 144
, where E 4 (z 1 ) = 1 + 240
are Eisenstein series for SL 2 (Z), and E k,1 (z 1 , z 2 ) is an Eisenstein series with integral Fourier coefficients of weight k and index one for the Jacobi group
where
Cohen's numbers (see [EZ] ). The Jacobi form 12,1 has integral and coprime coefficients:
12,1 (z 1 , z 2 ) = (r ,1 + 10 + r)q + (10r ,2 , 88r ,1 , 132 , 88r + 10r ,2 )q 2 + . with indexes (n, l) 2 Z such that n 0 (since 12,1 is a cusp form) and 4n ,l 2 ,1. The weight is even, thus f (n, l) = f (n, ,l) and f (n, l) depends only on 4n ,l 2 .
Moreover 0,1 (z 1 , z 2 ) = (r ,1 + 10 + r) + q(10r ,2 , 64r ,1 + 108 , 64r + 10r
2 ) + .
All facts from the theory of Jacobi forms mentioned above one can find in [EZ] .
THEOREM 4.1. The following formula is valid:
where ( large determinant of its imaginary part, and can be extended to a multivalued meromorphic function on H 2 whose singularities including zeros lie on rational quadratic divisors (see below). Let us denote the product in the formula of Theorem 4.1 by P(z 1 , z 2 , z 3 ) and decompose it in two factors corresponding to the cases m = 0 and m 0
where f (0, 0) = 10, f (0, ,1) = 1 and f (0, l) = 0 if l ,1. The last sum can be written as a sum of Jacobi forms using the operators T , (m). This expansion shows us that the second factor in (4.9) is invariant with respect to the action of the elements of Γ 1 .
By definition
The first factor in (4.9) is equal to e 5, 1 2 (Z) (see (4.7)). Therefore P(z 1 , z 2 , z 3 ) transforms like a Γ J -modular form of weight 5 with the character v 1 : Γ J ! f1g.
By definition P(z 1 , z 2 , z 3 ) = P(z 3 , z 2 , z 1 ) thus By [Bo6] (see the proof of theorem 5.1 and theorem 10.1 there) any two branches of the analytical continuation of the modular product differ by multiplication by a nonzero constant. It is known (and very easy to prove) that any Humbert surface can be represented in the form H`with`= (0, a, b, c, 0) or eqivalently`2 M II . (See [GH] , where the case of Humbert surfaces in the moduli space of abelian surfaces with arbitrary polarization is considered.) For suchẁ ith (`,`) 0, the divisor H`has nontrivial intersection with a neighborhood at infinity of H 2 where the product P(Z) converges, therefore the function P(Z) is holomorphic univalent along any quadratic divisor and is holomorphic univalent in H 2 .
The same arguments show that the set of zeros of the modular form P(Z) in H 2 is Sp 4 (Z)-equivalent to the set of rational quadratic divisors (with corresponding multiplicities) where factors of the infinite product are equal to zero. As a Fourier coefficient of a weak Jacobi form of index one and even weight, f (nm, l) depends only on 4nm , l 2 , and f (nm, l) = 0 for 4nm , l 2 ,1. Moreover we have seen that f (0, ,1) = 1. Thus the only factors of the product which have nonempty zero sets are the factors with index`= (n, l, m) with 4nm , l 2 = ,1, i.e.`2 ∆ (2) (M II ).
Therefore any component of the divisor of the Siegel modular form P(Z) is
Sp 4 (Z)-equivalent to the rational quadratic divisor of type H`with`2 ∆ (2) (M II ) and has the multiplicity one. It follows that the divisor of Siegel modular form P(Z) on H 2 is the sum with multiplicities one of all rational quadratic divisors Hẁ ith discriminant (`,`)=2 = 1 (equivalently,`2 ∆ (2) (2L ) = ∆ (2) (U(4) M II )). It is known (and actually proved in x2) that any two rational quadratic divisors of discriminant one are Sp 4 (Z)-equivalent, hence the divisor of the Siegel modular form P(Z) on A 1 is the Humbert surface
It is known that the modular form ∆ 5 (Z) also has the divisor H 1 on A 1 . (In fact, we need only that the divisor of ∆ 5 (Z) contains H 1 which follows from the identity ∆ 5 (z 1 , ,z 2 , z 3 ) = ,∆ 5 (z 1 , z 2 , z 3 ).) The functions P(Z) and ∆ 5 (Z) are
Siegel modular forms of weight 5, and the Siegel modular function ∆ 5 (Z)=P(Z) is holomorphic in H 2 . Thus this is a constant by the Koecher principle (see [F] ). Comparing a pair of Fourier coefficients of ∆ 5 (Z) and P(Z), we see that There is a better way to define the Fourier expansion of ∆ 5 (Z) than the definition (1.2). This function belongs to the so-called Maass subspace (see [M3] ). It means that 
where f (, ) are the Fourier coefficients of the weak Jacobi form 0,1 (see (4.8)).
The second example of Siegel automorphic form correction of a Lorentzian Kac-Moody algebra.
Here we want to describe briefly another example of a Siegel automorphic form correction of a Lorentzian Kac-Moody algebra. Actually, the case we have considered before and this example belong to one series which we hope to describe and study carefully in the corresponding publication later. The main difference of this example is that the Siegel modular form we will use for this correction is not known. To construct this modular form we use the arithmetic lifting of Jacobi forms which was developed in [G1] - [G3] . The arithmetical lifting is the advanced generalization of Maass's lifting and it exists for an arbitrary domain of type IV. We hope to apply this lifting for other cases later.
We start with the description of the Lorentzian Kac-Moody algebra we want to correct, its real roots and Weyl group (i.e. the corresponding reflection group in a hyperbolic plane).
We consider an even unimodular hyperbolic plane Zf 2 Zf ,2 = U with ( f 2 , f 2 ) = ( f ,2 , f ,2 ) = 0, ( f 2 , f ,2 ) = ,1, and a one-dimensional lattice Zf 3 with ( f 3 , f 3 ) = 4, and their orthogonal sum M 0 = Zf 2 Zf 3 Zf ,2 . Thus, M 0 = U h 4 i .
We consider its sublattice
(here S(n) denote a form S which is multiplied by n). We consider a subgroup W (4) (M II ) generated by reflections in ∆ (4) 
We denote P(M II ) = P(M II ) pr = f 1 , 2 , 3 , 4 g. This group W (4) (M II ) is also elliptic which means (see [N5] ) that M II has finite volume in the hyperbolic plane V + (M 0 )=R ++ . Equivalently, for the cone R + Q + = R + 1 + + R + 4 and the corresponding dual cone R + Q + = fx 2 M 0 R j (x, i ) 0g we have (similar to (2.2)) the sequence of embeddings
It follows that R + Q + = R + M II . Moreover, P(M II ) has a lattice Weyl vector which is defined by the property
One can easily calculate that
We consider the corresponding "complexified cone" 
Below we construct an automorphic form F 2 (Z 0 ) of weight 2 with a character on H + with respect to the group O + (L). This form has the following properties.
By construction, this form will be anti-invariant with respect to W (4) (M II ) and invariant with respect to A(P(M II )) which means that
(5.4) By (5.2)-(5.4) and (5.11), (5.12) below, the form F 2 (Z 0 ) will have the Fourier expansion with the properties: As in x3, we use Fourier coefficients (5.5) and (5.6) to construct the set of simple roots
where s ∆ re = P(M II ) and
and the corresponding generalized Kac-Moody superalgebra without odd real simple roots g 00 (M II , s ∆). By construction, the denominator function Φ(z 0 ) of this algebra and the automorphic form F 2 (Z 0 ) are connected by the formula
Below (see (5.14)) we construct the automorphic form F 2 (Z 0 ) and give its development in the infinite product. As in x3 (see (3.2) and (3.3)), this gives multiplicities for a Weyl-Kac product formula of the denominator function Φ(z 0 ). Now we work with the Siegel upper-half plane:
This is a Jacobi cusp form of weight 2 and index (z 1 , z 2 ) exp (i z 3 ) satisfies the functional equations of types (4.4)-(4.5) with k = 2 instead of k = 5. We have the following exact formulae for the character (see (4.2), (4.3)):
In accordance with (4.6) and the well-known formula for (z 1 ) 3 , we have 2, This is a cusp form of weight 2 with respect to the group
The last group is a maximal discrete subgroup in Sp 4 (R ) .) The character v 2 is defined by (5.10) and by v 2 (W 2 ) = 1.
To define an expansion of the modular form F 2 in the infinite product we introduce a weak Jacobi form of weight zero and index 2 0,2 (z 1 , z 2 ) = 1 288∆ 12 (z 1 )
Combining the method of [G3] with the method used above, we get
where (n, l, m) 0 means that n 0, m 0, l is an arbitrary integral if n+m 0, and l 0 if n = m = 0. For any paramodular symplectic group Γ t the analogue of Lemma 1.1 is true (see [G2] and [GH] ). Using this isomorphism, one can easily rewrite the result about F 2 (Z) above and obtain the analogue of the formula (4.10) in terms of the orthogonal group:
where c(, ) resp. f 2 (, ) are the Fourier coefficients of the corresponding Jacobi forms of weight 2 resp. 0 and z 0 i are variables from the homogeneous domain of the orthogonal group of signature (3, 2). This gives the formula (5.9).
The same consideration like in x4 shows that the divisor of zeros of F 2 in H + = H 2 is the sum with multiplicities one of all rational quadratic divisors H`= fZ 0 2 H + j (Z 0 ,`) = 0g where`2 ∆ (4) (4L ) = ∆ (4) (U(16) M II ).
As for ∆ 5 (Z), the divisor of zeros of F 2 is an irreducible surface in the variety A 2 = Γ 2 n H 2 . The last threefold is a double quotient of the moduli space of abelian surfaces with a polarization of type (1, 2) and can be considered as moduli space of Kummer surfaces of abelian surfaces with a polarization of type (1, 2) (see [GH, theorem 1.5] ). The divisor of F 2 in A 2 is the surface
where 2 : H 2 ! A 2 is the natural projection. This divisor is also the discriminant of K3 surfaces with the transcendental lattice T = 2U(8) h , 2 i = 4 L ( , 2) (see [GN2] and [N6] ).
6. Appendix: Generalized Kac-Moody superalgebras without odd real simple roots. Here we give some properties of generalized Kac-Moody Lie superalgebras. Some similar results in a more general situation (when odd real simple roots are accepted) were independently obtained by U. Ray in [R] . However, the denominator identity (Statements 6.6, 6.8, 6.6 0 , 6.8 0 below) for the twisted character ch which we especially need is not contained in [R] . Perhaps it does not exist if one accepts odd real simple roots.
We refer to the paper of V. Kac [Ka1] for basic definitions related with Lie superalgebras.
We fix a complex n n matrix A = (a ij ) where i, j 2 I = f1, 2, : : : , n g .
Moreover, we fix a subset I. As in [Ka3] , one can define a graded Lie superalgebrag(A, ), its maximal graded ideal r trivially intersecting the Cartan subalgebra h and Lie superalgebra g(A, ) =g(A, )=r. The only difference is (see [Ka3, chapter 1] ) that the generators (elements of) h and generators e i , f i , i 2 I , , are even, and generators e i , f i , i 2 , are odd. For = ;, one obtains Chevalley Lie algebras g(A) which were considered in [Ka3] .
The matrix A above is called a generalized generalized Cartan matrix if A is a real matrix which satisfies the following conditions: Results of the classical book by V. Kac [Ka3] are divided in 3 types: Type 1. Results which are valid for Lie algebras g(A) with an arbitrary or an arbitrary symmetrizable complex matrix A. These are the results of chapter 1 (basic definitions); chapter 2 (the invariant bilinear form and the generalized Casimir operator); and chapter 9 (highest weight modules over Lie algebra g(A)).
Type 2. Results which are valid for an arbitrary or an arbitrary symmetrizable (i.e. A is symmetrizable) generalized Kac-Moody algebra g(A). These are the results of chapter 3 (integrable representations and the Weyl group of a Kac-Moody algebra); chapter 4 (some properties of generalized Cartan matrices); chapter 5 (real and imaginary roots); chapter 10 (integrable highest weight modules: the character formula); chapter 11 (integrable highest weight modules: the weight system, the contravariant Hermitian form and the restriction problem). We mention that [Ka3, x11.13] contains changes one should make to adapt results of these chapters where Kac-Moody algebras (i.e. a ii = 2 for any i 2 I) are considered to generalized Kac-Moody algebras. See also [Bo1] and [Bo3] where generalized Kac-Moody algebras were first introduced and studied, but we prefer to follow to [Ka3] .
Type 3. Results on affine 7, 8, 12, 13, 14. The general remark is that all type 1 results may be adapted to Lie superalgebras g(A, ) with an arbitrary or symmetrizable complex matrix A. All type 2 results may be adapted to Kac-Moody superalgebras without odd real simple roots g(A, ). All type 3 results may be adapted to appropriate affine generalized Kac-Moody superalgebras without odd real simple roots g(A, ). Below we consider changes in [Ka3] one should make for these adaptations of type 1 and type 2 results.
Type 1 results: One should introduce the following changes in chapters 1, 2 and 9 of [Ka3] to adapt them to Lie superalgebras g(A, ) with arbitrary complex
A:
Instead of [Ka3, (1.3. 3)], one has:
for i 2 I , and for i 2 with a ii = 0; (0) where for both formulae (6.5) and (6.6)
One should consider only homomorphisms of g(A, )-modules which preserve even and odd parts of modules. (A) where A satisfies the conditions (C1 0 ), (C2 0 ), (C3 0 ) and = ;). We give here additional changes one should make to adapt these results to generalized KacMoody superalgebras without odd real simple roots g(A, ) (i.e. with condition (C4 0 ) instead of = ;).
Instead of [Ka3, lemma 11.13 .1], one has: Statement 6.1. Let V be an integrable g(A, )-module, 2 h and 0 6 = v 2 V such that f i (v) = 0. Then for k 1, All results of [Ka3, chapter 4] are valid for generalized Kac-Moody superalgebras without odd real simple roots except that there exists one additional zero 1 1-matrix which gives a generalized Kac-Moody algebra for = ; and a generalized Kac-Moody superalgebra for = f1g.
To describe, as in [Ka3, chapter 5] , the set of roots ∆, we set 0 = fi 2 j a ii 0g, 0 = fi 2 j a ii = 0g, and Then we have
As in [Ka3, (11.13. 3)] and using Statement 6.2, we get the opposite inclusion and thus over all sums of imaginary simple roots s. Here the sign (s) = ( , 1) n if s is a sum of n pairwise perpendicular and perpendicular to Λ imaginary simple roots i which are distinct for i 2 I , 0 ; and (s) = 0 otherwise.
where S Λ,i is the sum
over all sums of imaginary simple roots s. Here (s) = ( , 1) n 0 if s is a sum of n 0 + n 1 pairwise perpendicular and perpendicular to Λ n 0 imaginary simple roots i , i 2 I , , and n 1 imaginary simple roots i , i 2 , which are distinct for i 2 I , 0 ; and (s) = 0 otherwise.
In particular, for Λ = 0 and i = 0 we get the denominator identities for g(A, ).
where S is the sum 
We remind the reader (see [Ka3] ) that this algebra is graded by the root lattice (6.22) where
There is a pairing between Q and the coroot lattice
which is defined by (6.25) Remember that h 0 = Q _ C is the Cartan subalgebra of g 0 (A, ). As in [Ka3] , all results above ) are valid for g 0 (A, ). An advantage of considering g 0 (A, ) is that one can also consider infinite matrices A with a countable set of indexes I. One can consider g 0 (A, ) with a countable I as union of g 0 (A 0 , 0 ) with finite I 0 , I 0 I and 0 = I 0 . R. Borcherds [Bo1] (see also [Bo3] ) uses another notation for generalized Kac-Moody algebras. One can use similar notation to define generalized KacMoody superalgebras without odd real simple roots as follows.
Suppose that we have (compare with [Bo1] ):
(i) A real vector space H with a symmetric bilinear inner product ( , ).
(ii) A sequence of elements h i 2 H indexed by a finite or countable set I, such that (h i , h j ) 0 if i 6 = j and 2(h i , h j )=(h i , h i ) is an integer if (h i , h i ) 0. (iii) is defined to be the Lie superalgebra generated by H and elements e i , f i , i 2 I, where H and e i , f i , i 2 I , , are even, and e i , f i , i 2 , are odd. It has the following defining relations:
(1) The image of H in G is commutative. (In fact the natural map from H to G is injective so we can consider H to be an abelian subalgebra of G.) ( e f i ) =
which is evidently homogeneous for gradings (6.22), (6.23) and (6.26), (6.27) ( i 7 ! r i ). This homomorphism defines the isomorphism of the subalgebra of G generated by all h i , e i , f i , i 2 I, with the quotient of g 0 (A, ) by the ideal in the center c = fh 2 h 0 j ((h), h i ) = 0, for any i 2 Ig. Using this isomorphism, one can transfer all results above (Statements 6.1-6.3, 6.5-6.8 and (6.21)) to G.
Let us consider the canonical homomorphism of abelian groups : e Q ! H (r i 7 ! h i ). We use the last statement in x3 and x5. 
